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A B S T R A C T   

Wind power generation provides a new route for the sustainable development of energy. However, there is a 
correlation between wind speed in different regions, which will impact wind power and the stability of the power 
system. Therefore, it is necessary to estimate the steady-state characteristics of power systems and calculate 
probabilistic power flow (PPF) by considering this correlation. However, the traditional PPF calculation method 
based on the Newton–Raphson method may suffer from divergence or slow convergence with a high penetration 
of distributed energy resources. In this study, a new approach based on the relevance vector machine (RVM) was 
proposed to construct the multivariate copula in order to calculate the multivariate distribution of wind speed. 
By using the Rosenblatt transformation, the independent wind power variables could be obtained. After that, the 
cumulant method based on holomorphic embedding was proposed, which could acquire more accurate proba
bility distribution results. The proposed novel method is evaluated on small, medium, and large power flow test 
cases and compared favorably with the popular PPF methods(such as NR method) on the same platform. Besides, 
the obtained results illustrated the advantages of the proposed method.   

1. Introduction 

Due to environmental deterioration and the exhaustion of fossil 
fuels, wind power has attracted significant attention worldwide as a 
clean and renewable energy source. This has led to a large quantity of 
installed capacity. The intermittent and random characteristics of wind 
power are mainly caused by the probabilistic property of wind speed, 
which can disrupt the stability of the power system and create new 
challenges due to drastically increasing uncertainties [1,2]. The purpose 
of probabilistic power flow (PPF) is to incorporate uncertainties into the 
power flow problem under various system conditions [3]. 

Existing analytical methods generally include the Monte Carlo 
method (MCM) [4,5], the point estimation method (PEM) [6,7], and the 
cumulant method [8,9]. MCM is widely used due to its simplification 
and accuracy. However, the time consumption of the MCM grows 
exponentially with an increase in the dimension of input variables. The 
point estimation method is efficient, but there is a decline in accuracy 
when the order of moments increases [6]. The cumulant method can 
accurately estimate the probability density function (PDF) with the se
ries expansions [10]. However, the conventional cumulant method must 
first linearize power flow equations, which are generally based on the 
Newton–Raphson method [11]. In most cases, traditional PPF methods 

converge to the operable solution. However, these iterative methods 
may suffer from divergence or slow convergence with high penetration 
of distributed energy resources. When divergence under a numerical 
method occurs, two significant issues arise [12]:  

(1) The numerical method fails to converge to a solution from the 
given start or.  

(2) No solution exists, but the numerical method cannot detect its 
nonexistence. 

In order to approach the above problem, a novel non-iterative 
method, known as the holomorphic embedding (HE) method, was pro
posed by Dr. Antonio Trias in 2012. A significant advantage of this 
method is that it is guaranteed to find a solution if it exists. The HE 
method will only find the operable solution and will unequivocally 
signal if no solution exists through oscillations in the rational approxi
mation of the voltage power series [13]. Rao introduced one possible PV 
bus model compatible with the HEM and examined some features of 
different holomorphic embeddings [14]. In [15], the HE method was 
applied to DC power systems and nonlinear DC circuits. The system was 
devised by separating the series branch part from the shunt part of an 
admittance matrix, which generalized for the multi-bus problem. HE 
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method was further extended to develop a multi-dimensional hol
omorphic embedding method in [16], which derived the analytical 
multivariate power series from approaching accurate power flow solu
tions. Moreover, a restarted HE method [17] was proposed to reduce the 
number of coefficients of the Padé approximant series and provided an 
efficient way to calculate the load-flow. In a word, the HE method has 
been applied to solve the power flow problem with absolute success. For 
the power grid with multivariate wind farms, this paper proposes a new 
analytical cumulant based on the HE method for accurate estimation of 
probability distributions for system variables. 

In addition, the nonlinear correlation of wind speed between 
different regions is also of importance to estimate steady-state charac
teristics of power systems and calculate probabilistic power flow (PPF) 
[18]. Since the rank correlation index and tail correlation index of 
copula can better describe the nonlinearity, asymmetry, and upper and 
lower tail relationship between wind speed [5], the selection of a copula 
model is essential. However, it is difficult for the traditional copula to 
build a nonlinear correlation of multi-dimensional variables. Vine 
copula [19] represents a more flexible and simple method of extending 
bivariate conditional copula to multivariate dimensions. Nevertheless, 
the accuracy of multivariate joint distribution constructed by vine 
copula depends on the bivariate conditional probability density function 
(PDF) and marginal distribution [20]. Most studies in the literature used 
single-copula function from the elliptical copula family or the Archi
medean copula family [21,22]. Typical representatives are the normal, 
Clayton, Frank, Gumbel, and Joe copulas [21]. However, the charac
teristics of asymmetry and tail correlation cannot always be described 
satisfactorily by using these copulas. A mixed copula [23] is a kind of 
copula function that consists of several different types of copula. It is 
prospectively able to reflect more characteristics of joint distribution 
since it includes more characteristics of copula functions. However, the 
general way to construct a mixed copula is parameter estimation, which 
restricts its accuracy. 

In this paper, a new multivariate copula based on the relevance 
vector machine (RVM) is proposed, which is constructed by the 
Multiple-kernel function (Gaussian kernel and Polynomial kernel) in 
place of parameter estimation. Thus, it is of significant importance to 
model the multivariate copula of wind speed between wind farms and 
effectively improve accuracy. Besides, RVM is an extremely sparse 
Bayesian learning method, which can both effectively solve the problem 
of overfitting, as well as shorten the computing time. According to 
multivariate copula and Rosenblatt transformation, the wind power 
sequence Pw with independent distribution can be obtained, which will 
be used as the inputs of the cumulant method. Moreover, this paper also 
investigates a new analytical cumulant established by the HE method. 
Superior to existing PPF methods, the new approach is able to retain 
more accurate results of probability distributions. 

The rest of this paper is organized as follows. In Section 2, the related 
RVM methods and the way to construct the multivariate copula of wind 
speed are introduced in detail. In Section 3, the cumulant method based 
on holomorphic embeddings is explained. In Section 4, an application of 
the proposed methods for the calculation of PPF with multi-dimensional 
wind farms is presented. In Section 5, the work of this paper is sum
marized, and the conclusions are given. 

2. Model of multivariate distributions for wind farms 

Sklar has demonstrated the relationship between the joint distribu
tion function F, the multivariate copula C, and the marginal cumulative 
distribution function (CDF) Fi [24]. This theory provides a convenient 
way to model multivariate distributions for the multiple wind farm case. 

2.1. The basis of R-Vine copula 

As a derivation of the copula function, regular vine, as given by 
Bedford [25], is a graphical model used to determine the structure of the 

R-vine copula, which provides an efficient way to establish multivariate 
distribution based on bivariate copula and marginal distribution. In the 
context of R-vine copulas, each edge corresponds to a bivariate copula. 
And according to the definition [25], R-vine consists of tree Ti with 
nodes Ni and edges Ei, for i = 1,…,d-1, and several conditions should be 
satisfied:  

1) The node Ni and the edge Ei belong to tree Ti.  
2) The node Ni of tree Ti is equal to the edge Ei-1 in Ti-1, which means: Ni 

= Ei-1, for i = 1,…,d-1.  
3) If one edge in tree Ti is connected with another edge in tree Ti+1, 

these two edges share a common node in tree Ti. 

According to the definition of R-vine, assuming a d-dimensional 
random vector X = [X1,X2,…,Xd], and setting fk to be the marginal 
density of the variable Xk, the joint PDF f(x1,x2,…,xd) can be described 
as: 

f (x1, x2,…, xd) =
∏d

l=1
fl(xl) ×

∏d− 1

i=1

∏

e∈Ei

ĉj(e),k(e)|D(e)

×
(
F
(
xj(e)
⃒
⃒xD(e)

)
,F(xk(e)|xD(e))

)
(1)  

where an edge e = j(e),k(e)|D(e) belongs to Ei, j(e), k(e) are two condi
tional nodes of edge e, and D(e) is the condition set. ̂cj(e),k(e)|D(e) is a PDF 
of conditional bivariate copula, which is derived from (1). Also, the 
conditional CDF F(xj(e)|xD(e)) in (1) can be calculated by: 

F
(
xj(e)
⃒
⃒xD(e)

)
=

∂C
(
F
(
xj(e)
)
,F(xD(e))

)

∂F(xD(e))
(2) 

Generally, most studies construct the bivariate copula in (2) through 
single-copula and mix-copula [26,27]. In order to obtain their relevant 
parameters, the usual way is maximum likelihood estimation (MLE). 
However, it lacks accuracy for modeling the copula of wind speed via 
parameter estimation. Also, with the rise of variable dimension, the 
number of parameters that need to be estimated increases exponentially; 
thus, it will cause the complication of calculation and consume too much 
time. Due to these potential problems, the implementation of RVM on 
modeling multivariate copula is proposed in this paper. 

2.2. A new multivariate copula based on RVM 

Since RVM is a kernel learning method derived from Bayesian the
ory, it constructs a basis function in place of parameter estimation. RVM 
also provides the following advantages:  

(1) RVM is an extremely sparse Bayesian learning method, which can 
effectively solve the problem of overfitting and shorten 
computing time.  

(2) It is a machine learning method based on kernel function, which 
can effectively avoid dimension disaster when building a high- 
dimensional nonlinear model. 

2.2.1. The fundamental of RVM 
According to Tipping’s study [28], suppose a training data set 

{xi, ti}N
i=1, xi and ti are the input vector and the corresponding target, 

respectively. Thus, the definition of target ti is shown as follow: 

ti = y(xi;ω) =
∑N

k=1
ωikK(xi, xk) + ωi0 + εi (3)  

where K(xi , xk) is the kernel function, ω = (ω1, ω2,…,ωn)T represents the 
weight vector, and εi is the noise. And the likelihood of ω is defined as 
follows: 
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p
(
t
⃒
⃒ω, σ2) =

(
2πσ2)− N

2 exp
{

−
1

2σ2 ‖t − ωϕ‖
}

(4)  

where ϕ = (ϕ(x1), ϕ(x2),…, ϕ(xN)), and ϕ(xi) = [1, K(xi , x1), K(xi , x2), 
…, K(xi , xN)]T represents kernel function. In this paper, the input vector 
xi is sampled from different wind speed sequences V = (v1,v2,…,vN) of 
wind farms. The maximum-likelihood estimations of ω and σ2 may result 
in an over-fitting phenomenon. So, the zero-mean Gaussian weight-prior 
probability distribution is employed to constrain these two parameters. 

p(ω|α) =
∏N

i=0
N
(
ωi
⃒
⃒0, α− 1

i

)
(5)  

2.2.2. The structure of proposed multivariate copula 
According to Bayesian theory, the posterior probability distribution 

is equal to the weight-prior multiplied maximum likelihood estimation. 
Thus, the posterior probability distribution p(ω|t, σ2,α) takes the form: 

p
(
ω
⃒
⃒t, xn, σ2,α

)
=

p(t|ω, xn, σ2)p(ω|α)
p(t|xn, σ2,α

) =

(2π)−
N+1

2 |Σ|−
1
Nexp

{

−
(ω − μ)T Σ− 1(ω − μ)

2

}

μ = σ2 Σϕ(xn)
T t

Σ =
(
A + σ2 ϕT(xn)ϕ(xn)

)− 1

(6)  

where A = diag(αi), σ is the covariance of xn, and t(t1,t2,…,tn)T sampled 
from Cn is called the multivariate empirical copula which is derived from 
the bivariate empirical copula Cb and R-Vine structure. The expression of 
Cb is given as follow : 

Cb(F1(v1),F2(v2)) =
1
N
∑N

j=1
I[F1(v1j)⩽F1(v1i)]I[F2(v2j)⩽F2(v2i)] (7)  

where I[∙] is an indicator function. If F1(v1j) < F1(v2i), I = 1; otherwise, I 
= 0. Besides, The matrix V= (v1,v2,..,vN)T represents different wind 
speed sequences derived from historical data. The marginal cumulative 
distribution of v1 and v2 are F1(v1) and F2(v2), respectively. By 
substituting (7) into (1) and, we obtain. 

Cn(F1(v1),⋯,FN(vN)) =
∏N

k=1
fk(vk)⋅

∏N− 1

j=1

∏N− j

i=1
Cbi,i+j|i+1,⋯,i+j− 1

⋅
(
Fi|i+1,⋯,i+j− 1

(
vi
⃒
⃒vi+1,⋯, vi+j− 1

)
,

Fi+j|i+1,⋯,i+j− 1
(
vi+j
⃒
⃒vi+1,⋯, vi+j− 1

)
)

(8)  

where the conditional CDF Fi|j(vi|vj) can be calculated by (2). 
Since the regression performance of RVM is dependent on the kernel 

function, in this paper, the Multiple-kernel function (Gaussian kernel 
and Polynomial kernel) apply to construct the multivariate copula. 

Gaussian kernel function has an extensive implementation for its 
excellent performance in dealing with nonlinear data [29], and the 
function can be expressed as follows: 

KG(xi, xN) = exp
(

−
‖xi − xN‖

2θ2

)

(9)  

where the θ is the kernel width. The polynomial kernel function is 
proven to be an effective supplement to the Gaussian kernel function 
[30]. This function is described as: 

Kp(xi, xN) =
[
xT

N ⋅xi + 1
]n (10)  

where n is the degree. The definition of multiple-kernel is: 

K(xi, xN) = φKG(xi, xN) + γKG(xi, xN) (11)  

where φ + γ = 1. In this work, the coefficient φ and γ of multiple-kernel 

are derived from the Weibull distribution, which is closer to the actual 
distribution of wind speed [31]. The expression is shown as follow: 

f (xi, λ, ζ) =
ζ
λkxζ− 1

i e− (xi/λ)ζ
(12)  

where λ and ζ are the scale parameter and the shape parameter, 
respectively, thus, the specific procedures of coefficient optimization are 
given as follow: 

Step1: Generate the scale parameter λ and the shape parameter ζ 
from the actual wind speed sequence. 

Step2: Get the coefficient φ and γ from minimizing the Kullback- 
Leibler (K-L) divergence [32] of multiple-kernel and Weibull distribu
tion. And the expression of K-L divergence is given as follow: 

DKL(f ||K) =
∑N

i=1
f (xi)⋅(logf (xi) − logK(xi, μ)) (13)  

where f (xi) = f (xi, λ, ζ), ̂I¼ = 1/N 
∑N

i=1xi. Furthermore, the αi and β in 
(6) can be obtained by iteration. 

αnew
i =

1 − αiΣii

μ2
i

σ2
new =

||Cn(F1(v1),F2(v2)⋯,FN(vN)) − ϕ μ||2

N −
∑

i
(1 − αiΣii)

(14)  

where μi is the ith component of the posterior mean μ, Σii is the ith di
agonal component of the posterior covariance Σ given by (4). By 
substituting αi and σ2 obtained by iteration into Eq. (6), we can get the 
correction equation of weight coefficient ω. Therefore, multivariate 
copula based on RVM can be expressed as : 

CRVM
i (ηi) =

∑N

k=1
ωikK(ηi, ηk) + ωi0 (15)  

where, ηi= (F1i (v1), F2i (v2),…, FNi (vN))T represents the ith vector of 
marginal distribution of wind speed sequences V= (v1,v2,..,vN)T. 

To conclude, there are two critical advantages of RVM. On the one 
hand, it utilizes the Multiple-kernel function in place of parameters 
estimation, which is more significant for an accurate model of the 
multivariate distribution of wind farms. On the other hand, a separate 
hyperparameter αi for each of the weight parameters ωi is introduced 
instead of a single shared hyperparameter. During the calculation, a 
considerable proportion of α will extend to infinity, and the posterior 
distributions of ω will be concentrated at zero. Therefore, α becomes a 
sparse model, which will significantly reduce the computation time. 

2.2.3. To obtain the independent power sequences of wind farms via 
proposed method 

However, the multivariate distribution with correlation cannot be 
used to compute the power of wind farms directly. Thus, Rosenblatt 
transformation [33] is utilized to convert input wind speed sequences 
with correlation into independent variables. Then, the power of a wind 
generator can be calculated by 

f (xi, λ, ζ) =
ζ
λkxζ− 1

i e− (xi/λ)ζ
(16)  

where vwi, vwo, and vr are the cut-in, cut-out, and nominal wind speed, 
respectively. Thus, the independent power of wind farms Pw derived 
from Rosenblatt transformation can be used for the calculation of PPF. 
Above all, the proposed method can be introduced to obtain realistic 
results. 
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3. Cumulants based on holomorphic embedding 

Generally, the power flow equation at PQ bus i can be expressed in 
the rectangular coordinates, namely: 

∑N

j=1
YijVk =

S∗
i

V∗
i

(17)  

where Si represents the power injection at bus i, supposing Vj is the 
voltage at bus j, and Si = P ± jQ is a complex number. Besides, the power 
flow equation of the PV bus i is given by: 
⎧
⎪⎪⎨

⎪⎪⎩

|Vi| = Vsp
i

Pi = Re

(

Vi

∑N

j=1
Y∗

ijV
∗
k

)
(18)  

3.1. Holomorphic embedding PQ model 

The HE method can be applied to solve the power flow problem with 
the complex-valued parameter s [14]. 

∑N

j=1
Yij,transVj(s) =

sS∗
i

V∗
i (s

∗)
− sYi,shuntVi(s)

Vi(s) = ai0 + ai1s + ⋯ + ainsn

V∗
i (s

∗) = a∗
i0 + a∗

i1s + ⋯ + a∗
insn

(19)  

where Yik,trans and Yi,shunt are the series-branch part and shunt part, 
respectively, of the admittance matrix Y, and Qi is the reactive power. 
a*

inis the conjugate of the power series coefficient ain. In order to find the 
series of coefficients that satisfy (19), let the inverse of voltage function 
Vi(s) be expressed by Wi(s). We then have: 

Wi(s) =
1

Vi(s)

Wi(s) = bi0 + bi1s + ⋯ + binsn

(20)  

The product of the two power series Vi(s) and Wi(s) is the convolution of 
their coefficients. Therefore, the relationship of coefficients ain and bin is 
given by [14]: 

ai0 =
1

bi0

ai1bi0 + bi1ai0 = 0

ai2bi0 + bi1ai1 + ai0bi2 = 0

⋮

bin = −

∑n− 1

k=0
bikai(n− k)

ai0

(21)  

By substituting (21) into (19) and (20), we obtain: 

∑N

j=1
Yij,transajn = S∗

i b∗
i(n− 1) − Yi,shuntai(n− 1) (22) 

Therefore, the coefficients ain and bin can be obtained by the recur
rence relation defined by Eqs. (21) and (22). Then the voltage series for 
load/PQ buses can be calculated. 

3.2. Holomorphic embedding PV model 

For the generator bus, both the voltage magnitude and real power are 
known quantities, and the reactive power and voltage angle are un
known. Qi can be written as a power series expansion in the form of a 

complex number as below[15]: 

∑N

j=1
Yij,transVj(s) =

sPi − jQi(s)
V∗

i (s
∗)

− sYi,shuntVi(s)

Qi(s) = qi0 + qi1s + ⋯ + qinsn

(23) 

To calculate the coefficients of the voltage and reactive power series 
for a generator bus model, Eqs. (21) and (22) are taken into (23). 

∑N

j=1
Yij,transajn + jqin = Pib∗

i(n− 1) − j

(
∑n− 1

k=1
qikb∗

i(n− k)

)

− Yi,shuntai(n− 1)

(24) 

Besides, the voltage-magnitude constraint in the HE method can be 
expressed as [15]: 

Vi(s)⋅V∗
i (s

∗) = 1 + s
(
|Vsp

i |
2
− 1

)
(25)  

where V sp
i is the specified voltage magnitude at the slack bus. Therefore, 

by substituting (18) and ai0 = 1.0 into (25), we can calculate the ain, and 
the result is shown as follows: 

ain,re = δn0 + δn1
Vsp2

i − 1
2

−
1
2

(
∑n− 1

k=1
aika∗

i(n− k)

)

(26)  

where ain,re represents the real part of the coefficients of the voltage 
power series. Above all, Qi(s) and Vi(s) can be calculated by Eqs. (21), 
(24), and (26). 

Moreover, the Padé approximant can provide better approximations 
within or beyond the power series radius of convergence [13]. There
fore, it can be utilized to compose numerical solutions for power flow. 
Note that the rational approximants can always be converted into an 
algebraic fraction in which the numerator and the denominator are both 
polynomials. Thus, the Padé approximant can be expressed as: 

[L/M]j(s) =
mj0 + mj1s + ⋯ + mjlsl

nj0 + nj1s + ⋯ + njmsm

= aj0 + aj1s + ⋯ + ajnsn

(27)  

where the integers L and M in [L/M]k(s) are the degrees of the poly
nomial in the numerator and the denominator, respectively. Generally, 
the value of L is equal to M. The coefficients mjn and njn can be calculated 
by (27). 

3.3. Cumulants based on HE method 

The objective of using cumulants is to calculate the PPF of the power 
system. Suppose random variable X is subjected to PDF f(x) or cumu
lative distribution function (CDF) F(x). The characteristic function of X 
can be expressed as: 

ψ(t) = E
(
eitX) =

∫ +∞

0
eitX f (x)dx (28)  

where i is the imaginary unit, and t is a real number. The cumulants are 
derived from the expansion of ψ(t). Besides, the coefficients αv and βv 
represent the vth order moment and the vth order central moment of X, 
which has the mean value μ. 

αv = E(Xv) =

∫ +∞

0
xvf (x)dx =

∫ +∞

0
xvdF(x)

βv = E[(X − μ)v
] =

∫ +∞

0
(x − μ)vdF(x)

(29) 

Therefore, according to [10], the vth cumulants κv have a relation
ship with αv. 
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κ1 = α1 = μ

κv = αv −
∑v− 1

i=1

(
v − 1
i − 1

)

κiαv− i
(30) 

Since conventional cumulants are based on the NR method, we need 
to make some improvements in order to apply it to holomorphic 
embedding. Assuming that P and Q are the mean value of injected active 
power and reactive power, respectively, then the power flow can be 
expressed as follows: 

∑N

j=1
Yij,transVj(s) =

sS∗

i

V∗

i (s
∗)
− sYi,shuntVi(s)

∑N

j=1
Yij,transVj(s) =

sPi − jQi(s)
V∗

i (s
∗)

− sYi,shuntVi(s)

(31)  

where the Vj, Qj, and 1/ V*
j can be obtained by: 

Vi(s) = ai0 + ai1s + ⋯ + ainsn

W∗

i (s) = 1
/

V∗

i (s) = b∗

i0 + b∗

i1s + ⋯ + b∗

insnQi(s) = qi0 + qi1s + ⋯ + qinsn

(32) 

In order to find the appropriate germ, assume that the voltage 
magnitude of all generator buses is 1.0 at s = 0. Hence, the solution of 
(31) at s = 0 corresponds to a network with no load and no shunt 
element. This situation is selected as the germ of voltage, and the linear 
system of equations at s = 0 is given: 

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑N

j=0
Yij,transaj0 = 0

∑N

j=0
Yij,transaj0 =

− jqi0

a∗
i0

(33) 

If the Padé approximants converge at s = 1, the result is guaranteed 
to have the final solution. However, if there is no solution for the power 
flow, the value of the approximant oscillates. When s = 1, the results in 
(32) become: 

Ai(1) = Vi(1) = ai0 + ai1 + ⋯ + ain

Bi(1) = W∗

i (1) = = b∗

i0 + b∗

i1 + ⋯ + b∗

inDi(1) = Qi(s) = qi0 + qi1 + ⋯ + qin

(34) 

By substituting (34) into (31), we have: 

∑N

j=1
YijAj(1) = S∗

i ⋅Bi(1)
∑N

j=1
YijAj(1) =

(
Pi − jDi(1)

)
⋅Bi(1) (35) 

In summary, the specific procedures of coefficient calculation are 
given as follow: 

Step1: Generate the germ via (33). 

Step2: Calculate b*
in-1from b*

ij (j < n-1) and aij (j < n-1) using (21) 

Step3: For P-Q bus, calculate ain from b*
in-1 and ain-1 via (22); For the 

generator bus, firstly, calculate the ain,re from (26). Then, using b*
in-1 , 

ain-1 and ain,re to acquire ain,im and qin from (24). 
Step4: Recursively apply steps 2 through 4 
Step5: Substituting power series into Padé approximants until the 

accuracy requirements are met. Therefore, the solution of Ai(1), Bi(1), 
and Di(1) in (35) can be obtained. 

Assuming that W and Z are the vectors of injected active power and 
reactive power at the bus and in the branch, respectively, the mean value 
of W is W and the mean value of Z is Z. Additionally, let X be the bus 
voltage vector consisting of the real part and the imaginary part. Ac
cording to Eq. (35), the relationship between W, Z, and X can be 
expressed as follows: 

X = S0W
Z = G0S0W

(36) 

Therefore, the vth cumulants of Z and X can be obtained from the vth 
cumulants of W. 

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

κ1
X = S0κ1

W = μX

κ2
X = S2

0κ2
W

⋮
κv

X = Sv
0κv

W

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

κ1
Z = G0S0κ1

W + Zl0 = μZ

κ2
Z = G2

0S2
0κ2

W

⋮

κv
Z = Gv

0Sv
0κv

W

(37)  

where Zl0 = Z0 - G0S0W0. Thus, the PDF of the bus voltage and power in 
the branch can be calculated by power series expansion. Compared with 
Gram–Charlier expansion and Edgeworth expansion, Cornish–Fisher 
expansion has higher accuracy in dealing with the non-normal distri
bution of random variables [36]. Therefore, in this paper, the Cor
nish–Fisher series is applied to calculate the PPF of the power system. 
The first five orders of Cornish–Fisher expansion are shown as follows: 

Y(q) = τ(q) + τ(q) − 1
6

κ3 +
τ3(q) − 3τ(q)

24
κ4−

τ3(q) − 5τ(q)
36

κ2
3 +

τ4(q) − 6τ2(q) + 3
120

κ5 + ⋯

(38)  

where Y(q) is the quantile of the output, and τ(q) is the quantile of the 
standard normal distribution, τ(q) = Φ-1(q). 

4. Numerical test 

The proposed method was tested on different systems, which contain 
some practical grid in China, and the number of buses ranges from 14 to 
3661. Therefore, these cases are enough to give a clear insight into the 
nature of the problem. Additionally, in this paper, wind speed data and 
its corresponding actual power output data from geographically close 
wind farms in China from 2016 to 2018 are used. Load fluctuation was 

Fig. 1. Joint PDF of two groups of wind speeds.  
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assumed to be the normal distribution as well. Besides, all results were 
obtained using MATLAB. 

Based on the actual data of four wind farms, the marginal distribu
tion of each wind speed sequence could be obtained by the kernel esti
mation method. These marginal distributions will be used as the input 
variables of the proposed RVM method to construct the multivariate 
copula. And two groups of bivariate PDF generated by multivariate 
copula are applied to compare with the frequency histogram derived 
from the historical data, as illustrated in Fig. 1. From the plots, it is 
evident that the bivariate PDF is close to the frequency histogram. 

In order to further study the performance of the proposed method, it 
was compared with the mix-copula, which can be expressed as (39), and 
its parameters ω and θ estimated by the expectation–maximization al
gorithm (EM) and least square method (LSQ), respectively. 

Cm = ω1CT(F1(x1),F2(x2); θ1)+

ω2CG(F1(x1),F2(x2); θ2) +

ω3Cc(F1(x1),F2(x2); θ3)

(39)  

where CT(x), CG(x), and CC(x) represent T-Copula, Gumbel copula, and 
Clayton copula, respectively. 

These two mix-copula based on parameter estimation was extended 
to multi-dimension via R-Vine structure. After that, The Kolmogor
ov–Smirnov (KS) test [40] and the Euclidean distance [41] were used for 
comparison. The results are presented in Table 1 and demonstrate that if 
the calculated distribution is close to the empirical distribution, the 
value of K and d will be small. According to the results, it can be 
concluded that no matter what the sampling value is, the multivariate 
copula based on RVM is much similar to the empirical copula employed 
in different research. Moreover, the size of the sampling space has little 
effect on the accuracy of the proposed method. 

In Table 1, CRVM, CLSQ, and CEM represent the multivariate copula based 
on RVM, LSQ, and EM, respectively. 

The P-P diagrams in Fig. 2(a)–(c) are used to compare different 
multivariate copula by changing the sample number. As we can see, the 
P-P diagrams of three different estimation methods (including RVM, EM, 
and OLS) are all approximately linear. These results suggest that, 
compared with EM and OLS methods, the multivariate copula modeled 
by RVM is closer to the empirical copula (the black line), no matter how 
the sample numbers change. Furthermore, all the steps above are aiming 
to calculate the wind power (Pw) accurately, which will be the input 
variables of PPF. 

As the input variables consist of random variables, the computation 
result is the probabilistic power flow. The output information includes 
the probability distribution and digital characteristics of V, θ, P, and Q. 
Meanwhile, the calculation results acquired from the historical data of 
the wind farms are used as reference values. Thus, the relative errors of 
the expectation and standard deviation of the output variables are 
expressed as follows [38]: 

Table 1 
Comparison between different methods.  

Method Sample d K 

CRVM (ν1, ν2, ν3, ν4) 2555 1.9841 0.179 
8760 1.9624 0.178 
52,560 1.9536 0.178 

CLSQ (ν1, ν2, ν3, ν4) 2555 2.2143 0.195 
8760 2.1972 0.192 
52,560 2.2064 0.193 

CEM (ν1, ν2, ν3, ν4) 2555 2.1267 0.189 
8760 2.0742 0.185 
52,560 2.0053 0.183  

Fig. 2. P-P diagrams of the different methods.  
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Fig. 3. Error comparison of expected value.  Fig. 4. Error comparison of standard deviation.  
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εx
μ =

⃒
⃒
⃒
⃒
μx

n − μx
PEM

μx
n

⃒
⃒
⃒
⃒× 100% (40)  

εx
σ =

⃒
⃒
⃒
⃒
σx

n − σx
PEM

σx
n

⃒
⃒
⃒
⃒× 100% (41)  

where μx
PEM, μx

n, and σx
n,σx

PEM represent the expected value and standard 
deviation obtained from the historical data and the proposed method, 
respectively. However, there are too many output variables of proba
bilistic power flow. This paper used the average and maximum of the 
relative error of each variable to measure the accuracy of the proposed 
method. 

In order to demonstrate the impact of correlation among multivar
iate wind farms on the PPF of the power system, a comparative analysis 
was conducted. The cumulants ignored the correlation, and the cumu
lants based on the Newton–Raphson method considering the correlation 
were used to compare the proposed method. The results in Fig. 3 and 
Fig. 4 show that the average error of expectation and standard deviation 
calculated by cumulants based on the holomorphic embedding method 
is smaller than that obtained by the Newton–Raphson method. Such 
representation can be explained because the main practical features of 
the holomorphic embedding method are that it is non-iterative and 
deterministic, yielding the correct solution when it exists. 

These figures also indicate that when ignoring the correlation be
tween the wind farms, the PPF calculation results’ error will be quite 
large. Therefore, it is more realistic to consider the correlation of 
multivariate wind farms for PPF analysis of the power system. Besides, it 
is clear that with the increase of the order of Padé approximant, the 
accuracy also improves. Nevertheless, it is important to note that a high 
order of Padé approximant will need more computing time. Therefore, 
the order should be limited to a specific range under the premise of 

ensuring accuracy. 
Furthermore, the presented information shows that the proposed 

method limits the average relative error of the expected value to less 
than 2% and constrains the relative error of standard deviation to less 
than 3%, which demonstrates the accuracy of the proposed method. It is 
interesting to note that the error of standard deviation is greater than the 
error of the expected estimated value both in Fig. 3 and Fig. 4, which 
also conforms to the characteristics of the cumulants method. In addi
tion, several PDF curves of bus voltage and active power in the branch 
are illustrated in Figs. 5 and 6. These diagrams also present the advan
tage of the proposed method because the curve of PDF depicted by the 
holomorphic embedding method is closer to the historical distribution 
than others. 

In summary, there are two significant findings of the research. One is 
that the copula constructed by RVM can more actually reflect the cor
relation of wind farms than other traditional parameter estimation 
methods. The other is that the cumulants obtained from the hol
omorphic embedding method contribute to improving the accuracy of 
PPF calculation. 

5. Conclusion 

This paper predominantly focused on power flow calculation by 
considering multi-dimensional wind farms. A method based on RVM 
was proposed, which could accurately estimate the multivariate copula 
of wind speed between wind farms. Based on this, a new analytical 
cumulant developed by the HE method for accurate estimation of 
probability distributions for system variables. The results from simula
tion and published data support the following conclusions: 

Fig. 5. The PDF of voltage.  
Fig. 6. The PDF of the active power.  
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1) The correlation between wind speeds has a significant influence on 
the calculation results of PPF. However, compared with traditional 
estimation parameter methods, the RVM method can more accu
rately construct the multivariate copula for modeling the correlation 
of different wind farms and improve the computation speed to a 
certain extent.  

2) The cumulant method based on holomorphic embedding gives an 
explicit nonlinear analytical power flow solution. Moreover, this 
method’s main advantage is that it is non-iterative and is guaranteed 
to converge to the correct solution when it exists, which can retain 
more accurate probability distributions for system variables.  

3) The results presented in Section IV confirm that in most cases, the 
proposed method showed a performance superior to the traditional 
NR method, even in large-scale models. 
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