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Abstract
The modular multilevel converter (MMC) has become a widely used topology for
voltage source converter–based high‐voltage direct current transmission projects. To
calculate the power operation region of an MMC directly and efficiently, we propose a
novel steady‐state phasor model of the MMC. The model is expressed as an equivalent
capacitance in series with a voltage source, where parameters are independent of
alternating current (AC) electrical quantity. Based on the model, we propose an open‐
loop approach to determine the operation region boundary of MMC by calculating the
envelopes of the P–Q curves. The effect of MMC parameters, the circulating current
control, and the short‐circuit ratio of the AC grid to the power operation region can be
determined by the size and position of the power operation region. The proposed
approach and analysis results were verified by an MMC/AC simulation model built in
PSCAD/EMTDC.

1 | INTRODUCTION

High‐voltage direct current (HVDC) transmission systems and
technologies continue to advance as they make their way to
commercial applications [1–3]. It was based initially on
thyristor technology and, more recently, on fully controlled
semiconductors and voltage‐source converter (VSC) topol-
ogies [3]. The modular multilevel converter (MMC) is suitable
for high‐voltage and large‐capacity power transmission due to
its modular structure and has become a widely used topology
for VSC–HVDC transmission projects [4–6]. The MMC and
the two‐level VSC have apparent differences in steady‐state
operating characteristics, where all the electrical quantities
and control variables are coupled in an MMC due to the effects
of capacitor voltage ripples in each submodule (SM) [7, 8].

Studying the operation region of an MMC plays an
essential role in the parameter design of an MMC–HVDC
system. The VSC's active and reactive power output is deter-
mined by its virtual electromotive force (EMF). Reference [9]
determined the operation region of the MMC by borrowing

from the two‐level VSC model and mapping the MMC's power
outputs to its EMF. This method can determine the boundary
of the operation region. However, there is a specific deviation
in the calculation result without considering the difference
between MMC and two‐level VSC.So far, most current
methods to determine the operation region of MMC are
‘seeking‐and‐checking’ or ‘point‐scanning’ analysis methods
instead of determining the boundary of the operation region.
In [10], the constraints of the voltage stability, the voltage, and
the current are studied. Reference [11] examined the limitations
of internal dynamics. In [12], researchers studied the operation
region of an MMC under unbalanced power grid conditions.
The influence of circulating current control on the power
operation region is studied in [13, 14]; however, the methods to
determine the operation region are proposed for the circulating
current suppression and injection controls, not universal.
Hence, a general approach to determine the operating region
boundary of the MMC directly is still needed.

The key to accurately determine the operation region
boundary of MMC is to establish a steady‐state MMC with
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an open‐loop solution method. Much research has been
conducted on the steady‐state model of MMC. A steady‐
state time‐domain analysis model of an MMC was pro-
posed in [15], ignoring the circulating current and its sup-
pression control. Reference [16] proposed a simplified
phasor model of the MMC, ignoring the circulating current.
The accurate models presented in [8, 17] can solve the
circulating current, where the accuracy is relatively high. In
[8], a closed‐loop time‐domain analysis model of MMC was
established by defining an accurate switching function. The
authors of [17] proposed a general MMC steady‐state anal-
ysis model for MMC's optimization considering various
circulating current control methods [13, 18–22]; that is, the
circulating current injection control, the third‐harmonic
signal injection control, and the average capacitor voltage
control. The existing steady‐state models can accurately
describe the coupling characteristics of an MMC. Still, an
iterative solution had to be adopted because they failed to
decouple the control variables and electrical quantities. There
is a problem in and around the critical point that the iter-
ation may not converge.

In this paper, we study the open‐loop method to deter-
mine the power operation region boundary of an MMC. We
first proposed a novel steady‐state phasor model of MMC by
deriving the function relation between the output voltage and
current of MMC. Based on the model, determining the
steady‐state power operation region is transformed to solve
the envelopes of a family of P–Q curves. The rest of this
paper is organised as follows: In Section 2, the time‐domain
model of MMC is described to state the principles and as-
sumptions of the MMC steady‐state model. In Section 3, the
complete form of the novel steady‐state phasor MMC model
is proposed, and its derivation is presented in detail. Based on
the proposed model, a method to determine the steady‐state
power operation region of an MMC is proposed in Section 4.
Section 5 describes the simulation validation in PSCAD/
EMTDC that was done to verify the research in this study. In
Section 6, the conclusions are summarised.

2 | TIME‐DOMAIN MODEL OF MMC

2.1 | Equivalent circuit and mathematical
model of MMC

The single‐phase equivalent circuit of an MMC [8] is shown in
Figure 1. In each arm, there are N series‐connected SMs and
an arm inductor L0. The arm voltages across the N series‐
connected SMs in the upper and lower arms of phase i are
upi and uni, respectively, and the arm currents are ipi and ini,
respectively. The MMC is connected to the alternating current
(AC) grid at the point of common coupling (PCC) through a
three‐phase converter, where LT is the leakage reactance, uti
and uvi are the single‐phase AC voltage on the grid side and
valve side, respectively, and iti and ivi are the single‐phase AC
currents on the grid side and valve side, respectively. Figure 1b
shows the equivalent model of an MMC from the AC side,

including uci, the inner EMF of phase i, which is also called the
output voltage of the MMC, and ici, which is the output cur-
rent of the MMC. Figure 1c shows the equivalent model of the
MMC from the direct current (DC) side, where Udc is the DC
line voltage. udiff and ucom, defined by Equation (1), are the
differential‐mode and common‐mode components of the arm
voltages, respectively. The definitions of idiff and icom, the
differential‐mode and common‐mode components of arm
current, are shown by Equation (2).

8
>><

>>:

ucomi ¼ −
upi − uni

2
¼ uCi

udiffi ¼
upi þ uni

2
¼
Udc

2
− uL0

ði¼ a; b; cÞ; ð1Þ

where uL0 is the voltage across the arm inductor.

8
>><

>>:

icomi ¼
ipi − ini

2
¼

1
2
ivi

idiffi ¼
ipi þ ini

2
¼

1
3
idc þ iciri

ði¼ a; b; cÞ; ð2Þ

where idc is the DC current and iciri is the circulating current.
Assuming capacitor voltages are well balanced, and the

switching frequency is very high, all SMs in one arm can be
considered identical [8]. Therefore, all capacitors in the N se-
ries SMs of one arm can be equivalent to an equivalent arm
capacitor Ceq, where Ceq = C0/N, and C0 is the SM capaci-
tance. The current flow across the equivalent arm capacitor is
produced by the corresponding switching function and arm
current. By integrating it, the corresponding voltage of the
equivalent arm capacitor is obtained. The upper and lower arm
voltages are produced by multiplying the corresponding
equivalent arm capacitor's voltage with the switching function.
The mathematical expression can be written as Equation (3).

F I GURE 1 MMC single‐phase model. (a) Single‐phase equivalent
model, (b) AC equivalent model, (c) DC equivalent model. AC, alternating
current; DC, direct current; PCC, point of common coupling; MCC,
modular multilevel converter
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icap_pi ¼ spiipi

icap_ni ¼ sniini

uΣcap_pi ¼ u
Σ
cap0 þ

1
Ceq

∫ icap_pidt

uΣcap_ni ¼ u
Σ
cap0 þ

1
Ceq

∫ icap_nidt

upi ¼ spiuΣcap_pi

uni ¼ sniuΣcap_ni

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

ði¼ a; b; cÞ; ð3Þ

where spi and sni are the switching functions of the upper and
lower arms of phase i, respectively; icap_p and icap_n are the
capacitor currents of the upper and lower arms, respectively;
UΣ cap_pi and UΣ cap_ni are the equivalent arm capacitor
voltages of the upper and lower arms, respectively; and UΣ
cap0 is the DC component of the equivalent arm capacitor
voltage.

2.2 | Steady‐state equivalent and coordinate
transformation

In steady‐state, ignoring the third‐ and higher‐order compo-
nents, the arm current of the upper and lower arms of phase i
can be written as Equation (4), and the accurate switching
functions [8] of the upper and lower arms can be defined as
Equation (5). In [8], by substituting Equations (4) and (5) into
Equations (1)–(3), the steady‐state time‐domain model of an
MMC was obtained.

�
ipi ¼ Idiff0 þ Icom cosðωt − φcomiÞ þ Idiff2 cos

�
2ωt − φdiff2i

�

ini ¼ Idiff0 − Icom cosðωt − φcomiÞ þ Idiff2 cos
�
2ωt − φdiff2i

�

ði¼ a; b; cÞ ð4Þ

where Idiff0 is the DC component of the differential‐mode arm
current, Icom and φcomi are the magnitude and angle of the
fundamental component of the common‐mode arm current of
phase i, and Idiff2 and φdiff2i are the magnitude and angle of the
second‐order component of the differential‐mode arm current.

8
>>><

>>>:

spi ¼
1
2
Mdc −

1
2
Me cosðωt þ θeiÞ þ

1
2
M2 cosð2ωtþ θ2iÞ

sni ¼
1
2
Mdc þ

1
2
Me cosðωt þ θeiÞ þ

1
2
M2 cosð2ωt þ θ2iÞ

ði¼ a; b; cÞ ð5Þ

where Mdc is the DC modulation index; Me and θei are the
magnitude and the phase angle of the fundamental modulation

components, which come from the inner‐loop current con-
troller's outputs; and M2 and θ2i are the magnitude and the
phase angle of the second‐order modulation components,
which come from the circulating current controller's outputs.

The Park transformation matrix from the abc reference
frame to the dq0 rotating frame is defined as Equation (6),
where the superscript + represents the positive sequence, and
the superscript – represents the negative sequence.

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

Pþ ¼
2
3

2

6
6
4

cos θ cosðθ − 2π=3Þ cosðθ þ 2π=3Þ

−sin θ −sinðθ − 2π=3Þ −sinðθ þ 2π=3Þ

1=2 1=2 1=2

3

7
7
5

P− ¼
2
3

2

6
6
4

cos θ cosðθ þ 2π=3Þ cosðθ − 2π=3Þ

−sin θ −sinðθ þ 2π=3Þ −sinðθ − 2π=3Þ

1=2 1=2 1=2

3

7
7
5

ð6Þ

Thus, Equations (4) and (5) can be rewritten in the form of
d and q components, as shown by Equations (7) and (8),
respectively. The subscripts d and q are the corresponding
d and q components, respectively.

8
>>>>>>><

>>>>>>>:

ipi ¼ Idiff0 þ
�
Icomd cos

�
ωtþ θþi

�
− Icomq sin

�
ωt þ θþi

��

þ
�
Idiff2d cos

�
2ωtþ θi−

�
− Idiff2q sin

�
2ωt þ θi−

��

ini ¼ Idiff0 −
�
Icomd cos

�
ωt þ θþi

�
− Icomq sin

�
ωtþ θþi

��

þ
�
Idiff2d cos

�
2ωtþ θi−

�
− Idiff2q sin

�
2ωt þ θi−

��

ði¼ a; b; cÞ ð7Þ

Spi ¼
1
2
Mdc −

1
2
�
Med cos

�
ωtþ θþi

�
− Meq sin

�
ωt þ θþi

��

þ
1
2
�
M2d cos

�
2ωt þ θi−

�
− M2q sin

�
2ωt þ θi−

��

Sna ¼
1
2
Mdc þ

1
2
�
Med cos

�
ωtþ θþi

�
− Meq sin

�
ωt þ θþi

��

þ
1
2
�
M2d cos

�
2ωt þ θi−

�
− M2q sin

�
2ωt þ θi−

��

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

ði¼ a; b; cÞ ð8Þ

where θ+ a = 0, θ+ b = –2π/3, θ+ c = 2π/3, θ‐a = 0, θ‐
b = 2π/3, and θ‐c = –2π/3; Icomd and Icomq are the d‐ and q‐
fundamental current components of arm currents; Idiff2d and
Idiff2q are the d‐ and q‐second‐order components of arm
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currents; Med and Meq are the d‐ and q‐fundamental modula-
tion components; and M2d and M2q are the d‐ and q‐second‐
order modulation components.

In a three‐phase symmetrical condition, there are a total of
five control components: Mdc, Med, Meq, M2d, and M2q, which
controls the five arm current components, including Idiff0,
Icomd, Icomq, Idiff2d, and Idiff2q. Nevertheless, the control pro-
cess is not decoupled due to the effects of capacitor voltage
ripples in each submodule [7, 8].

3 | STEADY‐STATE PHASOR MODEL OF
MMC

3.1 | Derivation of MMC steady‐state phasor
model

To derive the function relationship between the MMC's output
voltage Uc and the output current Iv in phasor form, let us
define the current vector as IMMC = [Idiff0 Icomd Icomq Idiff2d
Idiff2q]T, the current vector of the equivalent capacitor as
Icap = [Icap0 Icapd Icapq Icap2d Icap2q]T, the voltage vector of the
equivalent capacitor as U Σ

cap = [U Σ
cap0 U Σ

capd U Σ
capq U Σ

cap2d

U Σ
cap2q]

T, and the output voltage vector as UMMC = [Udiff0

Ucomd Ucomq Udiff2d Udiff2q]
T. Define the switching function

transformation matrix SM, the equivalent capacitance voltage
transformation matrix SUcap, and the voltage output trans-
formation matrix SUMMC, as shown by Equation (9). Thus,
according to the symmetry of the upper and lower bridge arms,
Equation (3) can be rewritten in the matrix form as shown by
Equation (10).

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

SM ¼

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

Mdc

2
−
Med

4
−
Meq

4
−
M2d

4
−
M2q

4

−
Med

2
Mdc

2
−
M2d

4
−
M2q

4
−
Med

4
−
Meq

4

−
Meq

2
−
M2q

4
Mdc

2
þ
M2d

4
Meq

4
−
Med

4

−
M2d

2
−
Med

4
Meq

4
Mdc

2
0

−
M2q

2
−
Meq

4
−
Med

4
0

Mdc

2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

SUcap ¼

2

6
6
6
6
6
4

0 0 1
�

ωCeq 0 0

0 −1
�

ωCeq 0 0 0

0 0 0 0 1
�
2ωCeq

0 0 0 −1
�
2ωCeq 0

3

7
7
7
7
7
5

SUMMC ¼ diagð½ 1 −1 −1 1 1 �ÞSM

ð9Þ

8
>>><

>>>:

I cap ¼ SMIMMC

U Σ
cap ¼

�
U Σ

cap0 SUcapI cap
�T

UMMC ¼ SUMMCU
Σ
cap

ð10Þ

Note that the DC component of capacitance current equals
0 in the steady state, which is expressed as Equation (11):

I cap0 ¼

�
Mdc

2
−
Med

8
−
Meq

8
M2d

2
M2q

2

�

IMMC

¼ 0:
ð11Þ

According to Equation (1), the equivalent of the output
voltage vector UMMC is obtained as

UMMC ¼
�
Udc=2 Ucd Ucq −UL02d −UL02q

�T
; ð12Þ

where
�
UL02d
UL02q

�

¼

�
0 −2ωL0

2ωL0 0

��
Idiff2d
Idiff2q

�

Substituting Equation (10) into Equations (11) and (12)
and combining them, the steady‐state operation equation of an
MMC can be obtained as Equation (13). The expressions of
the matrices in Equation (13) are shown by Equations (B‐1)–
(B‐6) in Appendix B.

8
>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>:

0¼ A

"
Icomd

Icomq

#

þ B

2

6
6
6
6
6
6
6
6
4

UΣ
cap0

Idiff0

Idiff2d

Idiff2q

3

7
7
7
7
7
7
7
7
5

þ CUdc

"
Ucd

Ucq

#

¼D

"
Icomd

Icomq

#

þ E

2

6
6
6
6
6
6
6
6
4

UΣ
cap0

Idiff0

Idiff2d

Idiff2q

3

7
7
7
7
7
7
7
7
5

þ FUdc

ð13Þ

Thus, the functional relationship between the AC voltage
and current outputs of an MMC can be derived, as Equa-
tion (14) shows. It is the steady‐state phasor model of MMC at
the AC side.

�
Ucd
Ucq

�

¼ −ZMMC

�
Ivd
Ivq

�

þ E c; ð14Þ
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where
�

ZMMC ¼ −ðD − EB‐1AÞ=2
Ec ¼MMMCUdc ¼ −ðEB‐1CÞUdc

:

The impedance matrix ZMMC can be written in the form of
�

0 −XMMC
XMMC 0

�

; which means that the MMC from the AC

side can be described as the equivalent model with the reac-
tance XMMC and the voltage source Ec in series.

Let us take XL0 = ωL0 and XCeq = 1/(ωCeq), and
normalise them. The rated MMC DC voltage UdcN and the
rated DC power PN are selected as the base values of the DC
voltage and power, respectively. The selection method of UvN,
the rated voltage on the valve side of the converter trans-
former, is shown by Equation (15), and it is chosen as the base
value of the MMC's AC output voltage.

UVN ¼

ffiffiffi
3
p

mk

2
ffiffiffi
2
p UdcN; ð15Þ

where mk is the no‐load transformation ratio of the converter
transformer; usually 0.85.

Thus, the parameters of the equivalent model in a per‐unit
system will be obtained, as shown in Equation (16).

XMMC ¼ −
ς1 þ ς2 þ ς3

64ðζ1 þ ζ2 þ ζ3Þ
XCeq

E c ¼
Udc

mkMdc

 

1 −
XCeq

h�
M2

ed − M2
eq

�
M2d þ 2MedMeqM2q

i

ðζ1 þ ζ2 þ ζ3Þ

!2

4
Med

Meq

3

5

þ
3XCeqUdc

mkMdcðζ1 þ ζ2 þ ζ3Þ

2

4
M2d M2q

M2q −M2d

3

5

2

4
Med

Meq

3

5

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

ð16Þ

where
8
>>>>>>>>>><

>>>>>>>>>>:

ς1 ¼ 32MdcXL0ð8M2
dc − 3M2

e − 2M2
2Þ

ς2 ¼ −MdcXCeq

0

@
16M4

dc þ 3M4
e þ 2M4

2

−16M2
dcM

2
e − 12M2

dcM
2
2 − 2M2

eM
2
2

1

A

ς3 ¼ ½32XL0 − ð12M2
dc − 2M2

e þM
2
2ÞXCeq�

½ðM2
ed − M2

eqÞM2d þ 2MedMeqM2q�

;

8
>><

>>:

ζ1 ¼ 32MdcXL0

ζ2 ¼ −Mdc½2M2
dc þM

2
e − M2

2�XCeq

ζ3 ¼ ½ðM2
ed − M2

eqÞM2d þ 2MedMeqM2q�XCeq

;

where M2
e ¼M

2
ed þM

2
eq and M2

2 ¼M
2
2d þM

2
2q:

It should be noticed from Equation (14) that even when
the DC voltage is specified, the EMF of the MMC Uc cannot
be completely determined by the controller outputs, but is
related to the AC currents. That is why [8] was required to
adopt a closed‐loop analysis method to calculate the unknown
variables of an MMC.

3.2 | Parameters analysis of MMC phasor
model

In the MMC‐HVDC system of half‐bridge SMs, the DC
modulation indexMdc is generally constant at 1. In a full‐bridge
or a hybrid system, Mdc is approximately equal to 1 [23–26].

Equation (17) shows the parameter selection methods of
the SM capacitor and the arm inductor [27]:

8
>>>><

>>>>:

C0 ¼
PN

3mkNω0εcapU2
capN

�

1 −
�mk cos φ

2

�2
�3 =2

L0 ¼
1

8ω2
0C0UcapN

�
PN

3Ikm
þUdcN

�
; ð17Þ

where UcapN is the rated capacitor voltage, εcap is the designed
ripple percentage of capacitor voltages, Ikm is the designed
peak value of the circulating circulation, ω0 is the fundamental
angular frequency, and cosφ is the power factor, taken as 1.

If we define εIkm = Ikm/(√2IvN), which is the designed
percentage of the circulating circulation peak value, there is the
function relation shownbyEquation (18) betweenXL0 andXCeq:

XL0

XCeq
¼

1
8

�

1þ
mk

4εIkm

�

>
1
8
: ð18Þ

Ignoring the second‐order modulation components of the
switching function, because its index M2 is usually small, the
equivalent reactance XMMC can be simplified to Equation (19).
It illustrates that XMMC < 0 when the fundamental modulation
index Me varies between 0 and 1, which means the reactance in
the MMC steady‐state model is capacitive.

XMMC ¼ −
XCeq

64

"

8M2
dc − 3M2

e þ
6
�
3M2

dc −M2
e

�
XCeq

32XL0 −
�
2M2

dc þM
2
e

�
XCeq

M2
e

#

< −
XCeq

64

"

8M2
dc − 3M2

e þ
6M2

e

�
3M2

dc − M2
e

�

4 − 2M2
dc þM

2
e

#

< 0

ð19Þ

3.3 | Model of an MMC connecting to an AC
grid

The equivalent model of an MMC connecting to an AC grid is
shown in Figure 2. The MMC is described by an equivalent
capacitor XMMC in series with the equivalent voltage source Ec,
as shown inside the blue box. The AC grid is equivalent to a
Thevenin model of the equivalent voltage source Es in series
with the equivalent resistance Zs ∠ θs. The value of Zs equals
the reciprocal of the AC grid's short‐circuit ratio (SCR). XT

and kT are the reactance and the tap of the converter trans-
former, respectively. Ut and It are the voltage phasor and
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current phasor on the transformer's grid side, and Uv and Iv
are the voltage phasor and current phasor on the transformer's
valve side, respectively. P and Q are the active and reactive
power outputs of MMC to the grid.

After obtaining the XMMC and Ec by Equation (16), we can
solve the AC current of MMC as follows:

I v ¼
�
Ζs

.
k2T þ ΖP

�−1
ðE c − E s=kTÞ; ð20Þ

where

Ζs ¼ Zs

�
cos θs −sin θs
sin θs cos θs

�

; ΖP ¼
�

0 −ðXΤ þ XL0=2þ XMMCÞ

XΤ þ XL0=2þ XMMC 0

�

Finally, the DC component of the equivalent arm capacitor
voltageU∑ cap0, the DC component of arm currents Idiff0, and
second‐order components of arm currents Idiff2d and Idiff2q can
be determined by Equation (21). Detailed expressions of SB and
SC are shown by Equations (B‐7) and (B‐8) in Appendix B.

2

6
6
6
6
6
4

UΣ
cap0

Idiff0
Idiff2d
Idiff2q

3

7
7
7
7
7
5

¼ SB

�
Ivd
Ivq

�

þ SCUdc ð21Þ

According to Figure 2, the control process of an MMC–
HVDC system can be described as follows: The controller
controls the output voltage and current by changing the d and q
components of the equivalent voltage source Ec and the value of
the equivalent capacitor XMMC, to track the control target of
output power. The explicit expressions of P andQ to the control
components Mdc, Med, Meq, M2d, and M2q can be obtained by
substituting Equations (16) and (20) into Equation (22).

8
>>>>>>>><

>>>>>>>>:

I t ¼ I v=kT
U t ¼ E s þ ΖsI t

P ¼ U Τ
t I t

Q¼ U Τ
t

"
0 −1

1 0

#

I t

; ð22Þ

Thus, the open‐loop analysis method can still be
adopted to analyse the effect of control variables on the
power outputs, by directly mapping the constraint con-
dition of the controller outputs to the constraint on the
output power.

4 | STEADY‐STATE POWER
OPERATION REGION

4.1 | Operation region boundary of
converter constraint

Due to MMC's topology, the number of SMs limits the avail-
able range of the arm voltage, which is the most dominating
constraint on the power outputs of an MMC. It is impossible
to achieve the operating points beyond this limit. Therefore,
the number of SMs required to be in the ’ON’ state should not
be more than the total number of SMs in a bridge arm, as
shown in Equation (23).

�
0 ≤ Nspi ≤ N
0 ≤ Nsni ≤ N

ð23Þ

Thus, Me should satisfy the constraints shown in Equa-
tion (24), while considering the component for circulating
current control.

Me ∈ ½Me_min;Me_max�; ð24Þ

where Me_min ¼ 0; Me_max ¼minðMdc þM2; 2 − Mdc − M2Þ:

4.1.1 | Determination method of operation
region boundary

According to Equations (16), (20), and (22), the equation of
P–Q curves can be written as P = P(Me, θe), Q = Q(Me, θe).
The MMC steady‐state power operation region comprises a
family of P–Q curves of various Me within the range of
[Me_min, Me_max]. Thus, determining the steady‐state power
operation region is transformed to solve the envelopes of the
family of P–Q curves.

If the envelope exists, the points on the envelope follow
that:

∂P
∂Me

∂Q
∂θe
¼

∂P
∂θe

∂Q
∂Me

: ð25Þ

The power flow equation at the PCC is P = P(Utd, Utq) and
Q = Q(Utd, Utq), where the Jacobian is defined by
Equation (26):

F I GURE 2 Equivalent model of an MMC connecting to an AC side.
MMC, modular multilevel converter
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J ¼

2

6
6
6
4

∂P
∂U td

∂P
∂U tq

∂Q
∂U td

∂Q
∂U tq

3

7
7
7
7
5
: ð26Þ

It is derived that the determinant of the Jacobian equals 0.
The proof is shown in Appendix A. Thus, the envelope of the
family of P–Q curves is equivalent to the curve corresponding
to the condition that the Jacobian of the power flow equation
is singular.

Plot P‐Q curves with various Me in its defined domain, as
shown in Figure 3. The case shown in Figure 3 is of SCR = 1.5
and θs = 80°. In the P–Q chart, P > 0 means that the MMC
operates in the inverter state, and P < 0 reflects that the MMC
operates as a rectifier; Q > 0 illustrates that the reactive power
output of MMC is inductive, whileQ < 0 means MMC outputs
capacitive reactive power.

The lower boundary, as shown by the solid red line, is
determined by the singularity condition of the Jacobian of the
power flow equation, on which the points follow as
Equation (27).

ET
s E s ¼ 2ET

s V t: ð27Þ

A P–Q curve is divided into two parts by its tangent
points with the lower boundary if the tangent points exist,
where the saddle‐node bifurcation occurs. Considering the
control process of MMC and the voltage stability at the PCC,
the points in the solid lines are high voltage equilibrium and
are stable; conversely, the points located in the dashed
lines are unstable [28]. Some P–Q curves with small Me have
no tangent point with the lower boundary, where all the
operating points are unstable. MMC can operate at the
dashed line points by directly controlling the fundamental

modulation indices Med and Meq, but cannot adjust the power
outputs at their target value. Therefore, without considering
the security constraints of the voltage offset and the current
overload, the upper boundary of the power operation region
of an MMC is determined by Me = Me_max, as shown by the
solid blue line.

The upper boundary is related to the MMC's parameters,
while the lower boundary is determined only by the AC grid's
parameters. The region enclosed by the two boundaries,
shown as the light grey area, is the feasible operation region of
an MMC connecting to an AC grid constrained by the con-
verter. The dark‐filled area consists only of the dashed line
part of the P–Q curves, where the MMC could operate by
directly generating the controller outputs; that is, Mdc, Med,
Meq, M2d, and M2q, but this condition is abnormal. Points A
and B are the tangent points of the upper and lower bound-
aries, where the MMC delivers and receives the maximum
active power, respectively.

4.1.2 | Effect of the second‐order modulation
components on the operation region boundary

Substituting M2
e ¼M

2
ed þM

2
eq and M2

2 ¼M
2
2d þM

2
2q into

Equation (16), note that both the derivatives of XMMC and
‖Ec‖ with respect to θ2 can factor out the item of sin(θ2–2θe).
The detailed expressions of XMMC, ‖Ec‖ and their derivatives
are shown by Equations (B‐9) and (B‐10) in Appendix B. The
derivates of P and Q with respect to θ2 can factor out the item
of sin(θ2 – 2θe) as well, according to Equation (28), which
means that when θ2 = 2θe or θ2 = 2θe + π, the upper boundary
is the highest and the size of the operation region is the largest,
if M2 is specified.

8
>>><

>>>:

dP
dθ2
¼

∂P
∂XMMC

dXMMC

dθ2
þ

∂P
∂kE ck

dkE ck

dθ2

dQ
dθ2
¼

∂Q
∂XMMC

dXMMC

dθ2
þ

∂Q
∂kE ck

dkE ck

dθ2

ð28Þ

Thus, substituting Equation (29) into Equation (22) and
calculating it with θe changing from 0 to 2π, the upper
boundary can be determined:

8
>>>><

>>>>:

M2d ¼ −M2
M2

ed − M2
eq

M2
e

M2q ¼ −M2
2MedMeq

M2
e

or

8
>>>><

>>>>:

M2d ¼M2
M2

ed − M2
eq

M2
e

M2q ¼M2
2MedMeq

M2
e

ð29Þ

Figure 4 shows the boundaries of the power region with
various second‐order modulation indices M2 when the SCR is

F I GURE 3 P–Q curves and operation boundaries

WANG ET AL. - 1015

 23977264, 2021, 6, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/hve2.12100 by C

ochraneC
hina, W

iley O
nline L

ibrary on [18/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1.5 and θs is 80°. The solid line represents the case of θ2 = 2θe,
and the dashed line corresponds to θ2 = 2θe + π. Under this
condition, the upper boundary is the highest when θ2 = 2θe.
However, the second‐order modulation index M2 occupies the
range of the fundamental modulation index Me, reducing the
size of the operation region. Therefore, the operation region is
maximised when M2 = 0; that is, when there is no circulating
current control.

4.1.3 | Effect of the converter parameters on the
operation region boundary

It is noted from Figure 2 that the equivalent reactance XMMC

could affect the power outputs of MMC, which means both the
arm inductor L0 and the capacitance C0 affect the operation
region of MMC. According to Equation (19), reducing the
submodule capacitanceC0 can reduceXMMC. However, the arm
inductor L0 should be increased with the reduction of C0 ac-
cording to Equation (17) to guarantee the peak value of the
circulating current. Therefore, we analyse the influence of the
designed parameters εcap and εIkm on the maximum active po-
wer transmission. Figure 5 shows the results when the SCR is 1.5
and θs is 80°.

As shown in Figure 4, when εIkm is large (that is, the arm
inductor L0 is small), reducing the submodule capacitance C0

can increase the power transmission of the MMC. When εIkm is
small, reducing C0 will reduce the MMC power transmission.
When εIkm is very small and εcap is very large, the maximum
power transmission will be significantly reduced, which may
not satisfy power transmission requirements. Therefore, when
designing the converter parameters, the requirements for
inductance and capacitance parameters by the maximum power
transmission should also be checked.

4.2 | Operation region considering the
current constraint

To protect the semiconductors in an MMC from overload, an
additional current limiter is included in the current controller

to keep the current Iv within the rated current of the MMC [8].
Similar to the analysis of converter constraint, according to
Equation (22), the equation of P–Q curves can also be written
as P = P(Iv, φv) and Q = Q(Iv, φv), where Iv and φv are the
magnitude and the angel of the current Iv, respectively.
Therefore, the region satisfying the current constraint com-
prises a family of P–Q curves of various Iv within the range of
[0, Iv_max], where Iv_max is the current limit. The boundaries of
the current constraint consist of the P–Q curve with
Iv = Iv_max and the curve determined by the condition that the
power flow Jacobian is singular.

The operation region considering the security constraints is
shown in Figure 6, where SCR is 1.5, θs is 80°, and Iv_max is
1.18. The red curve is the lower boundary of |J| = 0, the blue
curve is the upper boundary of the converter constraint, and
the green curve is the boundary of the current constraint.
Region 1, shown in light grey, is where the operating states
meet both the converter constraint and the current constraint.
Region 2, located by both the left and right sides of region 1, is
where only the current constraint is violated. MMC could
operate in region 2 by using oversized insulated‐gate bipolar

F I GURE 4 Operation boundaries with various M2

F I GURE 5 Influence of converter parameters on the maximum power
transmission: (a) inverter, (b) rectifier

F I GURE 6 Operation region considering security constraints
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transistors to provide system support features during emer-
gency conditions [29]. However, an MMC connecting to an AC
grid cannot operate stably in the region outside the union of
regions 1 and 2.

4.3 | Effect of the SCR on the operation
region

The power operation regions under various SCR conditions
are shown in Figure 7. The SCRs are set to 1, 2, 3, 6.68, 10, and
25, and θs is set as 80°. In this example, Iv_max is set as 1.18,
Me_max as 1, and M2 as 0, and the |Z∑| is approximately equal
to the inverse of 6.68. It could be noted that both region 1 and
region 2 expand with the increase in the SCR.

In Figure 7a,b, where the SCR is relatively small, the
lower boundaries of region 1 are determined by |J| = 0, and
both the P–Q curves of Me = Me_max and of Iv = Iv_max have
tangent points with the lower boundary. If the SCR is quite
small, as shown in Figure 7a, the dominating constraint is
only the converter constraint, and the MMC could always
transmit power without violating the current constraint. After
the SCR increases, as shown in Figure 7c–f, the curve of
Iv = Iv_max will have no tangent point with the curve of |
J| = 0; that is, region 1 can be determined by Me = Me_max

and Iv = Iv_max.
Figure 7a–e shows that the lower boundaries of region 2

are determined by |J| = 0, and the upper boundaries are the
stable parts of the P–Q curves with Me = Me_max, where the

lower parts are stable when SCR < 1/|Z∑| and the upper
parts are stable when SCR > 1/|Z∑|. The unstable parts of
the P–Q curves with Me = Me_max are indicated by the dashed
blue line. In particular, when the SCR is quite large, as shown
in Figure 7f, the P–Q curve of Me = Me_max has no tangent
points with the curve of |J| = 0; that is, the singularity of
Jacobian is no longer the boundary condition of the MMC
steady‐state power region, and all points inside regions 1 and 2
are stable.

5 | SIMULATION VALIDATION

To verify the proposed model and power region calculation
method, we established a single‐terminal half‐bridge MMC‐
HVDC simulation system in PSCAD/EMTDC; the system
parameters are shown in Table 1.

5.1 | Verification of the steady‐state phasor
model

We calculated the proposed model in this paper, the models in
[9, 10, 13], and the accurate models in [8, 17] using Mat-
lab2016, and compared their results with the simulation results
in PSCAD/EMTDC. In this example, the DC modulation
index is set as 1, the fundamental modulation index Me as 0.95,
and the second‐order modulation index M2 as 0. Changing θe
from 0 to 2π by the step ∆θe as π/1800, the CPU time of the
three models in Matlab2016 is 0.1716, 0.1035, and 110.7943 s,
respectively. The comparison between the calculation results

F I GURE 7 Influence of SCR on power operation region. (a) SCR is 1,
(b) SCR is 2, (c) SCR is 3, (d) SCR is 6.68, (e) SCR is 10, (f) SCR is 25. SCR,
short‐circuit ratio

TABLE 1 Parameters of the simulation system

Parameter Value

EMF of AC grid (kV) 551.25

SCR 1.5

Impedance angle of AC grid (°) 80

Rated frequency of AC grid (Hz) 50

Transformer ratio (kV: kV: kV) 525:66:437.23

Transformer winding configuration YG/∆/Y

Transformer power rating (MVA) 1380

Leakage reactance 24, 14, 8

DC voltage (kV) ±420

Rated active power of MMC (MW) 1250

The number of SMs in each arm 500

Capacitance of SM (μF) 11,000

Arm inductor (H) 0.14

Abbreviations: AC, alternating current; DC, direct current; EMF, electromotive force;
MMC, modular multilevel converter; MVA, Megavolt ampere; MW, Megawatt: SCR,
short‐circuit ratio; SM, submodule.
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and the simulation results in PSCAD/EMTDC is shown in
Figure 8.

There are 12 sets of comparison curves, including the
active power P and reactive power Q, the d‐ and q‐compo-
nents of voltage Ut, the d‐ and q‐components of the common
voltage Uv, the d‐ and q‐components of the current Iv, the DC
component of the equivalent arm capacitor voltage U∑ cap0,
the DC component of arm currents Idiff0, and the d‐ and q‐
components of the second‐order components of current Idiff2.
Only the former eight curves can be obtained by the model [9,
10, 13]. The solid blue lines denote the calculated results using
the proposed method; the black balls denote the simulated
results. The average relative errors between the calculation
results and the simulation results are 3.2536%, 2.7387%,
2.8025%, 2.7007%, 3.3567%, 3.5763%, 1.1105%, 1.7416%,
0.1079%, 1.6837%, 3.5879%, and 4.7986%, respectively, which
are all less than 5%. In other words, the proposed model has
high accuracy. The calculated results of the models [9, 10, 13]
are denoted by the dashed red lines, which do not fit well with
the simulation results because the models cannot describe the
coupling characteristic inside the converter. The results of
models [8, 17] are denoted by the solid red lines, which is
accurate.

Thus, it is verified that the proposed model in this paper has
high accuracy and has apparent advantages in computational
efficiency due to its open‐loop calculation process.

5.2 | Verification of determination method
of the operation region

To verify the determination method of the upper boundary, we
set Me_max as 0.95 and calculate three examples of θ2 = 2θe,
θ2 = 2θe + π, and θ2 = 2θe + π/2. The calculation results
denoted by the solid lines and the simulation results denoted by

the black balls are shown in Figure 9. The average relative
errors are 1.0827%, 1.1573%, and 1.0318%, respectively. The
upper boundary of θ2 = 2θe is at the highest position, which
matches the analysis results in Section 4.1.2. Thus, it is verified
that the proposed determination method for the upper
boundary of the power operation region is correct and can be
used to analyse the influence of the second‐order modulation
components on the operation region.

To verify the calculation method of the lower boundary
and the current constraint boundary, two typical operating
points were simulated in PSCAD/EMTDC, where the first
point was in region 2 and the second was outside the sum
of regions 1 and 2. Calculating by Equation (27), the active
power was 1.006 when setting the reactive power to 0, which
is on the lower boundary. Figure 10 shows the response to
the change in active power from 1 to 1.01 at t = 20 s.
We found that the system is stable at the first point although
the current It exceeds its rated value (1.375 kA), but the
system would be unstable at the second point, which con-
firms the theoretical calculation of the power operation
region.

F I GURE 8 Verification and comparison for the proposed MMC
model. (a) Curves of the variables at the grid side, (b) curves of the variables
at the valve side, (c) curves of the variables inside the MMC. MMC,
modular multilevel converter

F I GURE 9 Verification of the calculation method for the upper
boundary of the power operation region

F I GURE 1 0 Comparative verification curves. (a) active power,
(b) reactive power, (c) voltage root mean square (RMS) of grid side,
(d) current RMS of grid side
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6 | CONCLUSIONS

Considering the different operating characteristics of the MMC
and the two‐level VSC, we propose a novel steady‐state phasor
model of an MMC done by deriving the function relation
between the voltage and current outputs in the d‐q frame. We
also propose an open‐loop calculation method for the steady‐
state power operation region of MMC based on the model and
study its influencing factors.

The main conclusions are as follows:

1. The MMC is equivalent to an equivalent capacitor in series
with an equivalent voltage source. In contrast, there is no
equivalent capacitor at the AC‐side equivalent model of a
two‐level VSC. The equivalent capacitor in the MMC model
reflects the influence of converter internal coupling char-
acteristics on the AC outputs; that is, the difference between
an MMC and a two‐level VSC.

2. The limit power operation region is constrained by the
converter, which is the most fundamental constraint. The
upper boundary is determined by Me = Me_max and the
lower boundary is determined by the condition that the
Jacobian of the power flow equation is singular. The
lower boundary is determined only by the AC grid pa-
rameters, but the upper boundary can be affected by the
MMC parameters and the circulating current control
mode.

3. Considering the current constraint of MMC, the operation
region of MMC is divided into two parts: region 1 is where
the operating states meet both the converter constraint and
the current constraint, and region 2 is where only the cur-
rent constraint is violated. The SCR has an essential influ-
ence on the size and the dominating constraints of the
MMC operation region.
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APPENDIX A
This section shows the derivation that the determinant of the Jacobian of the power flow equation equals 0 from the condition of
the envelope.

The condition of the envelope shown by Equation (25) can be rewritten as

8
>>><

>>>:

∂P
∂Me
¼ k

∂P
∂θe

∂Q
∂Me
¼ k

∂Q
∂θe

; k ≠ 0 ðA‐1Þ

Equation (A‐2) gives the function relation between the partial derivatives in Equation (A‐1) and the elements in the Jacobian of
power flow equation.

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

∂P
∂Me
¼

∂P
∂U td

∂U td

∂Me
þ

∂P
∂U tq

∂U tq

∂Me

∂P
∂θe
¼

∂P
∂U td

∂U td

∂θe
þ

∂P
∂U tq

∂U tq

∂θe

∂Q
∂Me
¼

∂Q
∂U td

∂U td

∂Me
þ

∂Q
∂U tq

∂U tq

∂Me

∂Q
∂θe
¼

∂Q
∂U td

∂U td

∂θe
þ

∂Q
∂U tq

∂U tq

∂θe

ðA‐2Þ

Substituting Equation (A‐1) into Equation (A‐2), the partial derivatives in Jacobian of power flow equation can be expressed by
Equation (A‐3).

8
>>><

>>>:

∂P
∂U td

�
∂U td

∂Me
− k

∂U td

∂θe

�

¼ −
∂P
∂U tq

�
∂U tq

∂Me
− k

∂U tq

∂θe

�

∂Q
∂U td

�
∂U td

∂Me
− k

∂U td

∂θe

�

¼ −
∂Q
∂U tq

�
∂U tq

∂Me
− k

∂U tq

∂θe

� ðA‐3Þ

Thus, Equation (A‐4) can be obtained.

∂P
∂U td

∂Q
∂U tq

¼
∂P
∂U tq

∂Q
∂U td

ðA‐4Þ

1020 - WANG ET AL.

 23977264, 2021, 6, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/hve2.12100 by C

ochraneC
hina, W

iley O
nline L

ibrary on [18/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1049/hve2.12100


The determinant of Jacobian of the power flow equation is calculated by Equation (A‐5), which equals 0.

jJ j ¼

�
�
�
�
�
�
�
�
�

∂P
∂U td

∂P
∂U tq

∂Q
∂U td

∂Q
∂U tq

�
�
�
�
�
�
�
�
�

¼
∂P
∂U td

∂Q
∂U tq

−
∂P
∂U tq

∂Q
∂U td

¼ 0 ðA‐5Þ

APPENDIX B
The detailed expression of matrices in Equation (13) are shown by Equations (B‐1)–(B‐5).

A ¼

−
Med

8
−
Meq

8

−MedM2q þMeqð4Mdc þM2dÞ

32ωCeq
−
Medð4Mdc − M2dÞ − MeqM2q

32ωCeq

−
MedM2q þMeqð3Mdc þM2dÞ

16ωCeq
−
Medð3Mdc − M2dÞ þMeqM2q

16ωCeq

Medð3Mdc þM2dÞ − MeqM2q

16ωCeq

MedM2q − Meqð3Mdc − M2dÞ

16ωCeq

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

ðB‐1Þ

B¼

0
Mdc

2
M2d

4
M2q

4

Mdc

2
0 −

MdcM2q þ 2MedMeq

16ωCeq

MdcM2d þM2
ed − M2

eq

16ωCeq

M2d

2
MdcM2q þ 2MedMeq

8ωCeq
0

2M2
dc þM

2
ed þM

2
eq

16ωCeq
− 2ωL0

M2q

2
−
MdcM2d þM2

ed − M2
eq

8ωCeq
2ωL0 −

2M2
dc þM

2
ed þM

2
eq

16ωCeq
0

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

ðB‐2Þ

C¼ ½ 0 −1=2 0 0 �T ðB‐3Þ

D¼

2

6
6
6
6
4

0 −
8M2

dc þ
�
M2

ed þM
2
eq

�
− 2
�
M2

2d þM
2
2q

�

32ωCeq

8M2
dc þ

�
M2

ed þM
2
eq

�
− 2
�
M2

2d þM
2
2q

�

32ωCeq
0

3

7
7
7
7
7
5

ðB‐4Þ
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E¼

2

6
6
6
4

Med

2
−
MedM2q − Meqð4Mdc þM2dÞ

16ωCeq
−
Med
�
3Mdc þM2q

�
þMeqM2d

16ωCeq

Medð3Mdc þM2dÞ − MeqM2q

16ωCeq

Meq

2
MedM2d − Meq

�
4Mdc − M2q

�

16ωCeq
−
Medð3Mdc − M2dÞ þMeqM2q

16ωCeq
−
Med
�
3Mdc − M2q

�
− MeqM2d

16ωCeq

3

7
7
7
5

ðB‐5Þ

F¼ ½ 0 0 0 0 �T ðB‐6Þ

The detailed expression of matrices in Equation (21) are shown by Equations (B‐7) and (B‐8).

SB ¼

�
λ1Meq þ λ2

�
MedM2q − MeqM2d

��
mkXCeq

64ðζ1 þ ζ2 þ ζ3Þ

�
− λ1Med þ λ2

�
MedM2d þMeqM2q

��
mkXCeq

64ðζ1 þ ζ2 þ ζ3Þ

�
λ3Med þ 3Mdc

�
MedM2d þMeqM2q

��
XCeq

mkðζ1 þ ζ2 þ ζ3Þ

�
λ3Meq þ 3Mdc

�
MedM2q − MeqM2d

��
XCeq

mkðζ1 þ ζ2 þ ζ3Þ

h
2Med

�
3M2

dc − M2
ed þM

2
eq

�
þM2q

�
6MdcMeq þMedM2q − MeqM2d

�i
XCeq

4ðζ1 þ ζ2 þ ζ3Þ
−

h
2Meq

�
3M2

dc þM
2
ed − M2

eq

�
þM2q

�
6MdcMed þMedM2d þMeqM2q

�i
XCeq

4ðζ1 þ ζ2 þ ζ3Þ

−
�
2Meq

�
3M2

dc − 2M2
ed
�
þM2d

�
6MdcMeq þMedM2q − MeqM2d

��
XCeq

4ðζ1 þ ζ2 þ ζ3Þ

h
2Med

�
3M2

dc − 2M2
eq

�
þM2d

�
6MdcMed þMedM2d þMeqM2q

�i
XCeq

4ðζ1 þ ζ2 þ ζ3Þ

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

ðB‐7Þ

where

8
>>><

>>>:

λ1 ¼Mdc½8M2
dc − 2ðM2

ed þM
2
eqÞ þ 2ðM2

2d þM
2
2qÞ�XCeq − 128MdcXL0

λ2 ¼ ½8M2
dc − 2ðM2

ed þM
2
eqÞ�XCeq − 32XL0

λ3 ¼ ½2M2
dc þ ðM

2
ed þM

2
eqÞ − ðM2

2d þM
2
2qÞ�XCeq − 32XL0

:

SC ¼

" h
2M2

dc þ 2
�
M2

ed þM
2
eq

�i
XCeq − 32XL0

ζ1 þ ζ2 þ ζ3
0 16M2q

mkðζ1þζ2þζ3Þ
− 16M2d
mkðζ1þζ2þζ3Þ

#Τ

ðB‐8Þ

The expression of XMMC and ||Ec|| is shown by Equation (B‐9), where the derivative with respect to θ2 is shown by
Equation (B‐10).

8
>>>><

>>>>:

XMMC ¼ −
ðς1 þ ς2 þ ς3ÞXCeq

64ðζ1 þ ζ2 þ ζ3Þ

kE ck ¼
MeUdc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðζ1 þ ζ2Þ
2
þ
�
3XCeqM2

dcM2
�2
þ 2ðζ1 þ ζ2Þ

�
3XCeqM2

dcM2
�
cosðθ2 − 2θeÞ

q

mkMdcðζ1 þ ζ2 þ ζ3Þ

ðB‐9Þ

8
>>>>><

>>>>>:

dXMMC

dθ2
¼ −

M2
eM2XCeq

�
XCeqðς1 þ ς2Þ −

�
32XL0 −

�
12M2

dc − 2M2
e þM

2
2

�
XCeq

�
ðζ1 þ ζ2Þ

�

64ðζ1 þ ζ2 þ ζ3Þ
2 sinðθ2 − 2θeÞ

dkE ck

dθ2
¼ −

MeM2UdcXCeq

h�
3M2

dc − M2
e

�
ðζ1 þ ζ2Þ

2 −
�
3M2

dcMeM2XCeq
�2 − 3M2

dcM
2
eM2XCeqðζ1 þ ζ2Þcosðθ2 − 2θeÞ

i

mkMdcðζ1 þ ζ2 þ ζ3Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðζ1 þ ζ2Þ
2
þ
�
3XCeqM2

dcM2
�2
þ 2ðζ1 þ ζ2Þ

�
3XCeqM2

dcM2
�
cosðθ2 − 2θeÞ

q sinðθ2 − 2θeÞ

ðB‐10Þ
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where

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

ς1 ¼ 32MdcXL0ð8M2
dc − 3M2

e − 2M2
2Þ

ς2 ¼ −MdcXCeqð16M4
dc þ 3M4

e þ 2M4
2 − 16M2

dcM
2
e − 12M2

dcM
2
2 − 2M2

eM
2
2Þ

ς3 ¼M2
eM2 cosðθ2 − 2θeÞ½32XL0 − ð12M2

dc − 2M2
e þM

2
2ÞXCeq�

ζ1 ¼ 32MdcXL0

ζ2 ¼ −Mdcð2M2
dc þM

2
e − M2

2ÞXCeq

ζ3 ¼M2
eM2XCeq cosðθ2 − 2θeÞ

:
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